THE SPECTRUM OF THE LAPLACE-BELTRAMI 
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ANDREY A. YAKOVLEV 

Abstract. We obtain an asymptotic formula for the eigenvalue 
distribution function of the Laplace-Beltrami operator on the two- 
dimensional torus in the adiabatic limit given by a Kronecker foli- 
ation. Related problems in number theory are discussed. 



Introduction 

Consider the two-dimensional torus T 2 = R 2 /Z 2 with the coordinates 
(x,y) G R 2 , considered modulo integer translations, and the Euclidean 
metric g on T 2 : 

g = dx 2 + dy 2 . 
Let X be the vector field on R 2 given by 

~ d d 
ox ay 



where a G R. Since X is translation invariant, it determines a vector 
field X on T 2 . The vector field X defines a foliation J on T 2 . The 
leaves of T are the images of the parallel lines L = {(x + t,yo + tot) : 
t G R, (xq, yo) G R 2 } with the slope a under the projection R 2 — > T 2 . 

In the case when a is rational, all leaves of T are closed and are 
circles, and T is given by the fibers of a fibration of T 2 over S 1 . In the 
case when a is irrational, all leaves of T are everywhere dense in T 2 . 

Let F = TT be the tangent bundle to T: 

F( x ,y) = {(t,at) : t G R} =< (l,a) >C T^T 2 , 

and H = F 1 - =< (—a, 1) > is the orthogonal complement for F . 
Thus, we have the decomposition of the bundle TT 2 into direct sum 
TT 2 = F0F 

hp T 2^rvi X + aY n -aX + Y 

T x , y T 3 (X,Y) = — — — {I, a) + (-«,!) 

1 + cr 1 + a z 
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and the corresponding decomposition of the Riemannian metric g = 
9f + 9h- Define a one-parameter family g h of Riemannian metrics on 
T 2 by the formula 

9h = 9f + h~ 2 g H , < h < 1. 



In the coordinates (x,y), the Riemannian metric gh is given by 

1 + h- 2 a 2 , 2 n 1 - hr 2 , , a + h~ 2 , 2 
fl'/i = — r- — 5— "^ + 2a— — -tody + — — —dy . 



Recall that, for an arbitrary n-dimensional manifold M with a Rie- 
mannian metric g, an elliptic, second order, differential operator A = 
A g in the space Cq°(M), which is called the Laplace-Beltrami operator, 
is defined. In local coordinates, this operator is given by the formula 



where (g^) is the matrix of the Riemannian metric, g is the determinant 
of the matrix (5^), (<? u ) is the inverse of the matrix (5^). 

In our case, the Laplace operator, defined by the metric gh, has the 
form 



1 ( d d\ 2 h 2 ( d d 



h 1 + a 2 \dx ^ a dy) 1 + a 2 \ a dx ~^ dy) 
where Ap is the tangential Laplace operator: 

1 ( d d 
( 7; h a— 



1 + a 2 \ dx dy 
and Ah is the transverse Laplace operator: 

Ir ( i) 



^ H 1 + a 2 \ a dx dy 

The main result of the paper is the calculation of the asymptotics 
of the spectrum distribution function iV^(A) of the operator Ah for a 
fixed A G K. and for h — > 0. 

Theorem 1. The following asymptotic formula for the spectrum dis- 
tribution function N h (X) of the operator A h for a fixed A 6 1 holds: 



1. For a 



N h (X) 



An 



h- l \ + o(h- v ), h^O. 
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2. For a E Q of the form a = -, where G. C. D.(p, q) = 1, 

fc: 42^ T fc2 <A y r 

We will give two proofs of Theorem [U The first proof is based on a 
general result on the asymptotic behavior of the spectrum distribution 
function of the Laplace operator on a compact manifold equipped with 
a Riemannian foliation in the adiabatic limit, obtained in the work 
[2] . The second proof is considerably simpler and uses only elementary 
facts of analysis. 

Regarding various notions and facts, connected with the foliation 
theory see, for instance, the survey paper [5] and the bibliography cited 
there. 

The results of the paper are announced in [I]. 

The author is grateful to Kordyukov Yu.A. for the setting of the 
problem and useful discussions. 

1. Adiabatic limits for Riemannian foliations 

Let (M, T) be a closed foliated manifold, dim M = n, dim T = p, 
p + q = n, equipped with a Riemannian metric gu- Let F = TT 
be the integrable distribution of tangent p-planes to T in TM, and 
H = F x the orthogonal complement to F. Thus, we have a direct sum 
decomposition of TM: 

TM = F Q) H. 

This decomposition induces a decomposition of the metric gu = 9f + 
gn- Define a one-parameter family of metrics on M by the formula 

9h = gF + h~ 2 g H , 0<h<l. 

For any h > we consider the Laplace-Beltrami operators on func- 
tions, determined by the metric gh' 

A h = d lA 

where d : C°°(M) -> C oc (M,A 1 T*M) is the de Rham differential, 
d* is the adjoint operator of d with respect to the inner products, 
defined by the metric g^. The operator A h is a self-adjoint, elliptic, 
differential operator with the positive definite, scalar principal symbol 
in the Hilbert space L 2 (M,gh) of square integrable differential forms 
on M, endowed with the inner product, induced by the metric g^. 
According to the standard perturbation theory there exists a countable 
family of analytic functions Xi(h) such that, for any h > 0, 

spec A h = {Xi(h) : i = 0, 1, . . .}, 
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taking into account multiplicities. Introduce the eigenvalue distribution 
function of the operator A^: 

N h {\) = ${i : \{h) < A} 

Suppose that the foliation JF is Riemannian and Qm is a bundle-like 
Riemannian metric. Let dx be the Riemannian volume form on M. 

Denote by Ap the tangential Laplace operator on C°°(M) and by 
A^ its restriction to the leaf L of T. The operator A^ coincides with 
the Laplace operator on L, defined by the induced metric of the leaf. 

Let G be the holonomy groupoid of T . Let Al denote the Riemannian 
volume form on a leaf L given by the induced metric, and X x denote 
its lift to the holonomy covering G x for any x G M . 

Denote by exi^y), 7 G G, A G M. the tangential kernel of the spectral 
projection of the tangentially elliptic operator Ap, corresponding to the 
semi-axis (—00, A). For every x G M the function eA(7 _1 7'), (7,7') G 
G x coincides with the kernel of the spectral projection of the operator 
Afjx, which is the lift of Al to the holonomy covering G x , relative 
to the Riemannian volume form X x . Let e\(x),x G M, A G M be the 
restriction of e\(j) to M. For any A el, the function e\ is a bounded 
measurable function on M. 

The spectrum distribution function Nj^(X) of A^ is defined by the 
formula 

Njr(X) = / e\(x) dx. 
Jm 

Theorem 2. Let (M, JF) be a Riemannian foliation, equipped with a 
bundle-like metric qm- The following asymptotic formula holds: 
(1) 

(Att\-i/ 2 r x 

N h {\) = h-* V K > j (X-Ty/ 2 d T NAT) + o(h-«), h^O. 

2. Proof of Theorem [TJ 

2.1. The first proof. In this section we derive the asymptotic formula 
for Nh(X) on the torus from Theorem [2j 

The induced metric on the leaf x = x + t, y = y Q + at through a 
point (x , y ) has the form g?r = (1 + a 2 )dt 2 . Thus, the leafwise Laplace 
operator is given by 

A 1 / d ^_ x2 

F 1 + a 2 \dx dy 

1. a (jL Q. In this case G = T 2 x R. The source and the range 
maps s,r : G — > T 2 are defined for any 7 = (x,y,t) G G by 5(7) = 
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(x — t,y — at) and r{j) = (x,y). For any (x,y) E T 2 , the set G^ x ' y ^ 
coincides with the leaf £( x ,j/) through (x, y) and is diffeomorphic to R: 

L( x ,y) = {(x - t,y - at) : t e R}. 



The Riemannian volume form \^ x ^ on I/( x ,y) equals y/T^a 2 dt. Fi- 
nally, the restriction of the operator A^ to each leaf I/( x ,j/) coincides 
with the operator 

1 d 2 



A = 



l + a 2 dt 2 ' 



acting in the space L 2 (R, yl + a 2 dt). 

Let us find the spectral projections of A in L 2 (R, \/I + a 2 dt). The 
following equality is valid: 

A 1 U(0=FAF~ 1 U(0 = r^U(0, UeCZ°(R), 

1 + cr 

where F is the Fourier transform. A similar equality holds for the 
spectral projections: 

X x(A,) = F X x(A)F-\ 

where x\ is the characteristic function of the semi-axis (— oo, A). It is 
easy to see that the operator x\(Ai) is the multiplication operator by 
the the function 

XA V1 + « 2 J"\0, if ^ > A. 

Thus, we get that the spectral projection X\(A) of the operator A is of 
the form: 

Xx(A)U(t) = F-\ x (j^j) ^(*) 

= ^ X exp " tl)e]XA (rf^) U ^ dtid t- 

The kernel of the spectral projection X\(A) of A in the space L 2 (R) 
(relative to the Riemannian volume form y/l + a 2 dt) is given by the 
formula 

= o /r-r^s I exp [l[t ~ h ^ ]xx (rrV) 

27rVl + a 2 jR \l + a 2 J 

The tangential kernel t\ of the operator A^ is related with E\ as 
follows. For any 7 = (x, y, t) G G = T 2 x R, 
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The restriction of the tangential kernel e\ to T 2 is given by 

e x {x, y) = E x (0, 0) = - I / X x (t^V) d{ = A > 0. 

2ny/l + a 2 Jr \l + a 2 J 7T 

We get that the spectrum distribution function iVjr(A) of operator 
has the form: 



/ e\(x,y)dxdy — —Vx, A > 0. 
Jt 2 71 



iV>(A) 

By Theorem [21 we obtain 

N h (X) = h- 1 - [ X (A - r) 1/2 d T N T (r) + o^ 1 ), h -> 0. 

Hence, 

iV/,(A) = -^/i- 1 A + o(/i- 1 ), /i->0. 

47T 

2. a G Q. Let us consider a — -, where p and g are coprime. In 
this case, the holonomy groupoid is T 2 x (R/gZ). The leaf through an 
arbitrary point (x ,y ) is the circle {(x + t, y + at) : t G M/gZ} of 
length I = \/p 2 + g 2 . 

The restriction of the operator to each Lr^y) coincides with the 
operator 

1 d 2 



A 



l + a 2 dt 2 '' 



acting in the space L 2 (M/gZ, yl + a 2 dt). 

This operator has a complete orthogonal system of eigenfunctions 
Uj(t) the corresponding eigenvalues Xj m . 

1 47T 2 , 47T 2 9 . « r 27T2 . 

1 + a 2 q 2 p 2 + q 1 q 



Any function [/(£) G L 2 (IR/gZ, vl + a 2 <it) can be represented as the 
sum of a series: 

U(t) = - V ( / £7(ti) expf-— fctiltfti J exp[— Art] 

Therefore, the spectral projection X\(A) of A is given by the formula: 
Xx (A)U{t) = - V / C/(ti)exp[ fcti]dti exp[ kt] 



k: 4^fc2 <A 
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The kernel of the projection Xa(^4) in L 2 (R/qZ, yl + a 2 dt) is given by 
the formula 

E x (t,t 1 ) = -^= eM^Ht-ti)]- 
VP +q a 2 1 

The tangential kernel e\ of A_p is related with i?\ in the following way. 
For any 7 = (x, y, t) G G = T 2 x (R/gZ), 

e A ( 7 ) = £ A (0,t) = J_ ]T exp[-— H)]. 

Vp +q ,2 Q 

v +1 

The restriction e A to T 2 has the form: 

1 47T 2 

e A (x, y) = E x (0, 0) = ^==#{A: : -^—- % k 2 < A}. 

a/p^ + q l p + q 

We get that, in the case of a rational a, the spectrum distribution 
function iVV(A) of Aj7 is of the form: 

f 1 4-7T 2 

N?(\) = / e x (x } y)dxdy = _ #{fc : -r— — -A; 2 < A}. 



T 2 



V^T^ 2 p 2 + q 2 



By Theorem [2J we obtain for h — > 

iV,(A) = (A - r^jVXr) + o^" 1 ) 

7T J -00 

p+q 

2.2. The second proof. The operator A/, has a complete orthogonal 
system of eigenfunctions 

n H (a;,y) = e 2 ^ fca;+ ^, (x,y)eT 2 , 

with the corresponding eigenvalues 

A fe/ = (2tt) 2 (-^— 2 (k + al) 2 + j^(-ak + , k, I e Z 2 . 
\1 + cr 1 + cr J 

The eigenvalue distribution function of A^ has the form 
Thus we come to the following problem of number theory: 
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Problem 1. Find the asymptotics for h — > of the number of integer 
points in the ellipse 

{(£, V ) G M 2 : (2tt) 2 (^(C + a V f + + ^) 2 ) < A}. 

Let us introduce new coordinates 

In the new coordinates we will consider a point (£', 77') to be integer, if 
it has the form 

7/ = — 7= , n + 7= 1 b m, 

' Vl+Q 7 Vl+o 2 ' 

where (n,m) G Z 2 . Hence, the number of such integer points is deter- 
mined by the number of all pairs (n, m) G Z 2 , satisfying the following 
conditions: 



It is clear that, as h — > 0, for a G R/Q the projections of integer points 
to the £'-axes form an everywhere dense set, but for a G Q a discrete 
one. 

Suppose that a G Q. Without loss of generality, we will assume 
a = |, where G.C.D.(p, q) = 1. By straightforward computations, it is 
easy to show that a point is integer, if has the form: 

( k -pn + qm - (p 2 + g 2 )/ 



a/p 2 + g 2 ' a/p 2 + g 2 

where (no, mo) is an integer point determined by /c, / G Z is responsible 
for the number of integer point over Since we are looking for the 
number of integer points in the ellipse, we get the following conditions 
on /: 



! / A k 2 -pn + qm . 



,_i 1 A _ A: 2 -pn + gm 
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Thus, the number of integer points over £' is equal to 



h' 1 A k 2 



vV + q 2 V 47r2 P 2 + q 2 ' 

We obtain that in the case of rational a = p/q the asymptotics of the 
eigenvalue distribution function Nh(X) as h — > is given by 

Suppose that a £ Q. Let us the heat operator e~ tAh defined by 
the Laplace operator A h in M 2 . For any u £ L 2 (R 2 ) the function 
u(t) = e~ tAh u is a solution of the heat equation 

du 

— = -A h u, t > 0, 
at 

with initial conditions u(0) = u. It can be shown that the kernel of 
e ~ tA h on ]^2 f orm 

if t (x,y,xi,yi) = 

fr -1 f (a; - xi + a(y - yi)) 2 + /i~ 2 (-a(x - si) + y - y x ) 2 
Airt 6XP [ 4t(l + a 2 ) 

Therefore, the kernel of e~ tAh in T 2 is given by 

-1 +°° („ „ i U i „7„. i A\2 



H t (x,y,x 1 ,y 1 ) = — ^ exp[ 

(— a(x - xi + A;) + y — y± + I) 2 



4th 2 {l + a 2 ) J ' 
Accordingly, the trace of tr(e~ tAh ) in L 2 (T 2 ) is given by 

trfe h ) = > e 4 *(i+" 2 ) 3th7(T+^) 

V 7 47Tt ^ 

fe,2=— oo 

Since the series converges uniformly on /i e (0, 1] and, for any (A;, /) 7^ 
(0,0) 

(fc + ai) 2 (-qfc + i) 2 
g 4i(l+ a ^) 4th^(l+^) > ; /i — * +0, 

we get 

4nt 
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From the other side, we have 

/+oo 
e- xt d x N h (X), 
-oo 

therefore, the proof of Theorem [1] is completed by the next lemma (0 
Lemma 5.2], cf. also 

We say that a function F on the real line is a distribution function 
if F is a non- decreasing left-continuous function such that 

lim F(X) = 0. 

For any distribution function F(X), we denote by F(t) the Laplace 
transform of this function. 

Lemma 3. Let F n be a sequence of distribution functions on the real 
line such that: 

(a) F n (X) = 0, A < a, with the constant a, not depending on n; 

(b) |F n (A)| < Ce~ eX , X G M., with the constants C and e, not depend- 
ing on n; 

(c) there exists lim^oo F n {t) = F(t) for any t > 0, where F(t) is a 
distribution function. 

Then lim^oo F n (X) = F(X) at all points of continuity of the function 
F(X). 
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